Abstract. We construct absolute and relative versions of Hamiltonian Floer homology algebras for strongly semi-positive compact symplectic manifolds with convex boundary, where the ring structures are given by the appropriate versions of the pair-of-pants products. We establish the absolute and relative Piunikhin-SalamonSchwarz isomorphisms between these Floer homology algebras and the corresponding absolute and relative quantum homology algebras. As a result, the absolute and relative analogues of the spectral invariants on the group of compactly supported Hamiltonian diffeomorphisms are defined.
Introduction.
In [14] U. Frauenfelder and F. Schlenk defined the Floer homology for weakly exact compact convex symplectic manifolds. The authors also established the PiunikhinSalamon-Schwarz (PSS) isomorphism between the ring of Floer homology and the ring of Morse homology of such manifolds. This in turn led to the construction of the spectral invariants on the group of compactly supported Hamiltonian diffeomorphisms analogous to the spectral invariants constructed by M. Schwarz in [30] and by Y.-G. Oh in [23] for closed symplectic manifolds. We extend the definitions and the constructions of U. Frauenfelder and F. Schlenk to the case of strongly semi-positive compact convex symplectic manifolds. In [17] we use these spectral invariants to construct (partial) quasi-morphisms on the universal cover Ham c (M, ω) of the group of compactly supported Hamiltonian diffeomorphisms for a certain class of non-closed strongly semi-positive symplectic manifolds (M, ω). This leads to a construction of (partial) symplectic quasi-states on the space of continuous functions on M that are constant near infinity.
of ∂M and which is everywhere transverse to ∂M , pointing outwards; equivalently, there exists a 1-form α on ∂M such that dα = ω | ∂M and such that α ∧ (dα) n−1 is a volume form inducing the boundary orientation of ∂M ⊂ M . Therefore, (∂M, ker α) is a contact manifold, and that is why a convex boundary is also called of a contact type. A compact symplectic manifold (M, ω) with non-empty boundary ∂M is convex if ∂M is convex. A non-compact symplectic manifold (M, ω) is convex if there exists an increasing sequence of compact convex submanifolds M i ⊂ M exhausting M , that is,
Recall that an almost complex structure on a smooth 2n-dimensional manifold M is a section J of the bundle End T M such that J 2 (x) = −1 TxM for every x ∈ M . An almost complex structure J on M is called compatible with ω ( or ω-compatible) if g J := ω • (1 × J) defines a Riemannian metric on M . Denote by J (M, ω) the space of all ω-compatible almost complex structures on (M, ω).
Given (M, ω) and J ∈ J (M, ω), then (T M, J) becomes a complex vector bundle and, as such, its first Chern class c 1 (T M, J, ω) ∈ H 2 (M ; Z) is defined. Note that since the space J (M, ω) is non-empty and contractible, (see [20, Proposition 4 .1, (i)]), the class c 1 (T M, J, ω) does not depend on J ∈ J (M, ω), and we shall denote it just by c 1 (T M, ω).
Denote by H [15] , [19] ) A symplectic 2n-manifold (M, ω) is called strongly semi-positive, if ω(A) ≤ 0 for any A ∈ H S 2 (M ) with 2 − n ≤ c 1 (A) < 0.
Next, we recall the definition of the quantum homology of compact convex symplectic manifolds, see [16] , [18] . First of all, recall the definition of the intersection products for a manifold with boundary. 
We equip the ring Λ G with the structure of a graded ring by setting deg(s) = 0 and deg(q) = 1. We shall denote by Λ k the set of elements of Λ of degree k. Note that Λ 0 = K G . The ring Λ admits the following valuation. The valuation ν :
Extend ν to Λ by ν(λ) := max{α|p α = 0}, where λ is uniquely represented by
The absolute quantum homology QH * (M ; Λ) and the relative quantum homology QH * (M, ∂M ; Λ) are defined as follows. As modules, they are graded modules over Λ defined by QH * (M ; Λ) := H * (M ; F) ⊗ F Λ and QH * (M, ∂M ; Λ) := H * (M, ∂M ; F) ⊗ F Λ. A grading on both modules is given by deg(a ⊗ zs α q m ) = deg(a) + m. Next, we define the quantum products * l , l = 1, 2, 3, which are deformations of the classical intersection products • l , l = 1, 2, 3. Choose a homogeneous basis
be the dual homogeneous basis of H * (M, ∂M ; F) defined by e i , e ∨ j = δ ij , where ·, · is the Kronecker pairing. Definition 1.5. Consider the group
.
are given as follows:
We extend these F-bilinear homomorphisms on classical homologies to Λ-bilinear homomorphisms on quantum homologies by Λ-linearity. Here,
stands for the genus zero Gromov-Witten invariant relative to the boundary, see [16] , [18] .
Like in the closed case, we have different natural pairings. The K G -valued pairings are given by (8)
where the map
The F-valued pairings are given by (9)
where the map  :
Moreover, the pairings ∆ 2 and Π 2 are non-degenerate. Since the quantum homology groups are finite-dimensional K G -vector spaces in each degree, it follows that the paring ∆ 2 gives rise to Poincaré-Lefschetz duality over the field K G .
1.2.
Structure of the paper. In Section 2 we construct absolute and relative versions of Floer homology groups for strongly semi-positive compact symplectic manifolds with convex boundary and show the Poincaré-Lefschetz duality between them. These groups are equipped with ring structures by means of the appropriate versions of the pair-ofpants products. We establish the absolute and relative Piunikhin-Salamon-Schwarz isomorphisms between these Floer homology algebras and the corresponding absolute and relative quantum homology algebras mentioned above.
In Section 3 we define the absolute and relative analogues of the spectral invariants on the group of compactly supported Hamiltonian diffeomorphisms. We show that these invariants satisfy the standard properties analogously to the closed case.
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Floer homology
From now on let (M, ω) be a strongly semi-positive compact convex 2n-dimensional symplectic manifold. In the following Sections 2.1 − 2.2 we recall important technical notations and facts discussed in [14] .
2.1. Completion of a convex symplectic manifold. Let X be a Liouville vector field (see Definition 1.1), which is defined in some neighborhood of ∂M and which is everywhere transverse to ∂M , pointing outwards. Using X we can symplectically identify a neighborhood of ∂M with
for some ε > 0, where α = ι X ω is the Liouville 1-form. In this identification we used coordinates (x, r) on ∂M × (−2ε, 0], and in these coordinates, X(x, r) = ∂ ∂r on ∂M ×(−2ε, 0]. We can thus view M as a compact subset of the non-compact symplectic manifold ( M , ω) defined as
and X smoothly extends to ∂M × (−2ε, ∞) by
For any r ∈ R we denote the open "tube" ∂M × (r, ∞) by P r : For any r ≥ −2ε define J B,Pr to be the set of all J ∈ J B that are independent of the b-variable on P r . And, at last, we define the set
By [8, Remark 4.1.2] or [9, discussion on page 106], the space J B,Pr is non-empty and connected. Since the restriction map J B,Pr → J B,Pr is continuous, J B,Pr is also non-empty and connected.
Let e ∈ C ∞ (P −2ε ) be given by e(x, r) := e r .
Theorem 2.2. For
Let Ω be a domain in C and let J ∈ J Ω . If u ∈ C ∞ (Ω, P −2ε ) is a solution of Floer's equation
Let Ω be a domain in C and let
) is a solution of the time-dependent Floer equation
) and that one of the following conditions holds.
(i) u is a solution of Floer's equation ( 
A flow generated by X H will be denoted by φ t H . Let R be the Reeb vector field of the Liouville form α on ∂M . Recall that R is uniquely defined by
Note that R = J X| ∂M for any J ∈ J B,P −2ε . It follows that for any h ∈ C ∞ (R) the Hamilton equationẋ = X H (x) of H = h • e : P −2ε → R restricted to ∂M has the form
Define the Reeb period κ ∈ (0, ∞] of R by (18) κ := inf c>0 {ẋ(t) = c R(x(t)) has a non-constant 1-periodic solution} .
Define two sets of smooth functions H
h (e r ) = 0 ∀r ≥ ε,
Note that
By (17), (18) and (19) , we have that for any H ∈ H ± the restriction of the flow φ t H to P 0 has no non-constant 1-periodic solutions. Next, we define two sets of admissible Hamiltonian functions on M by (20)
Note that the space H c (M ) of C ∞ -smooth functions on S 1 × M , whose support is compact and is contained in
we denote the set of contractible 1-periodic orbits of φ t H
by P H , i.e.
), x is a contractible loop}. For a generic (in the Baire sense in the strong Whitney C ∞ -topology) H ∈ H ± we have
Since M is compact, P H is a finite set. An admissible H satisfying (21) for all x ∈ P H is called regular, and the set of regular admissible Hamiltonians is denoted by
Denote by L the space of smooth contractible loops x :
of L, whose elements are equivalence classes
, and where (x 1 ,x 1 ) and (x 2 ,x 2 ) are equivalent if and only if
The group Γ -see (5) -acts on equivalence classes x by
and L = L/Γ. Denote by P H the full lift of P H to L, i.e.
There exists an integral grading µ : P H → Z by means of the Conley-Zehnder index, namely µ(x) = n−µ CZ (x), see [15, Section 5] . We have that for a C 2 -small autonomous Morse Hamiltonian f and x ∈ Crit(f )
where the critical point x of f is viewed as a constant path andx is the trivial disk. Under the action of Γ the Conley-Zehnder grading behaves as follows:
It is well-defined on L. Note that
for any A ∈ Γ. We also note that the set P H can be viewed as the set of critical points of A H , see [4, Section 5.3] . We denote by Spec(H) the action spectrum of H, i.e.
The action spectrum is a measure zero set of R, see [22, Lemma 2.2].
Floer homology groups. For a regular admissible H ∈ H
± reg , consider a free Λ-module P H ⊗ Λ. The grading on Λ and the µ-grading on P H give rise to the grading (24) deg :
Denote by R the Λ-submodule of P H ⊗ Λ generated by
we get the graded Λ-module
The next step is to define a Λ-linear differential ∂ : CF * (H; Λ) → CF * (H; Λ) of a graded degree −1. This is a Morse-type differential that counts the algebraic number of isolated Floer cylinders connecting critical points of A H , i.e. elements of P H . Take J ∈ J S 1 ,P −2ε and for each pair x = [x,x] and y = [y,ȳ] in P H , let M(x, y; H, J) be the moduli space of Floer connecting cylinders from x to y, namely the set of solutions
x#u#(−ȳ) represents the zero class in Γ.
The additive group R acts on M(x, y; H, J) by translations
Denote by M(x, y; H, J) the quotient space M(x, y; H, J)/R. By the "Maximum Principle", see Corollary 2.4, every solution of (26) and J is H-regular. The manifold M(x, y; H, J) carries the coherent orientation, see [13] . Moreover, if µ(x) − µ(y) = 1, then the quotient space M(x, y; H, J) is a compact zero-dimensional oriented manifold. Hence it is a finite set of points, each of which is equipped with an orientation sign ±1. Denote by n H,J (x, y) := # F M(x, y; H, J) its algebraic (over F) number of elements, and define the differential by
It follows from [15, Theorem 3.3] and [31, Corollary 3.4 ] that the sum in (27) is a finite linear combination of elements of P H over Λ modulo the relation submodule R.
Hence, ∂(x ⊗ 1)(mod R) ∈ CF * (H; Λ) for all x ∈ P H . Extending ∂ by Λ-linearity to the whole CF * (H; Λ), we get a well-defined Λ-homomorphism
Repeating the original proof of Floer in [12] , we conclude that ∂ 2 = 0. It follows that (CF * (H; Λ), ∂ H,J ) is a chain complex and its homology H * (CF * (H; Λ), ∂ H,J ) is called the Floer homology over Λ and will be denoted by HF * (H, J; Λ). By Corollary 2.4 and by the connectedness of the space J S 1 ,P −2ε , the Floer continuation maps theorem [15, Theorem 5.2] still holds. Thus, the Floer homology HF * (H, J; Λ) does not depend on the choice of a regular pair (H, J).
Remark 2.5. For any k ∈ Z the sets CF k (H; Λ) and HF k (H, J; Λ) are finite-dimensional vector spaces over the field Λ 0 = K G . There exists a basis of CF * (H; Λ) consisting of elements of the form x ⊗ q m , with x ∈ P H .
The action functional A H and the valuation ν define the following filtration on the above Λ-modules. Let (H, J) be a generic pair. Define a map
the map H is well-defined. Let α ∈ R Spec(H) and define subspaces CF
For any u ∈ M(x, y; H, J), the flow energy
for any c ∈ CF * (H; Λ). We conclude that the differential ∂ preserves that subspaces. Note that if ω = 0, the subspaces CF 
are well-defined, and the differential ∂ induces a chain complex structure on both spaces. Define the filtered Floer homology groups by The homological exact sequence yields Ker (π
It follows that H (−1) generates the inverse flow, i.e. (φ
, and that
reg . In addition, there are bijective correspondences
,
and M(x, y; H, J) u
where u (−1) (s, t) := u(−s, −t) and J (−1) (t, p) := J(−t, p). In view of these correspondences, we have
Following the general algebraic theory of M. Usher, see [33] , we conclude that the chain complexes CF * (H, Λ) and CF * (H (−1) , Λ) are graded filtered (Floer-Novikov) complexes, which are opposite to each other. Therefore, following [11] , [26] and [33] , we define several pairings between opposite complexes. Firstly, let us fix Λ-generators of CF * (H, Λ), namely
Here, we abuse notation while writing x instead of x⊗1. Then, of course, CF * (H by extending Λ-linearly the relation L
The pairing L # is non-degenerate and satisfies
Since CF k (H, Λ) and CF 2n−k H (−1) , Λ are finite-dimensional vector spaces over the field K G , the pairing L # gives rise to an isomorphism
By the universal coefficient theorem, we obtain the Poincaré-Lefschetz duality isomorphism
which is non-degenerate by the Poincaré-Lefschetz duality isomorphism. We can go further and consider a F-valued pairing
# is non-degenerate and satisfies the equation
for any x ∈ P H , y
The paring L is obviously non-degenerate. We can consider restrictions of L # and L to the filtered Floer chain groups, which are only F-vector subspaces of the full Floer chain groups. Firstly, we note that since µ x (−1) = 2n−µ(x) and
we have
Hence, L # descends to the quotient CF (α,∞) k (H, Λ), namely we obtain a well-defined
Once again the equation
A non-trivial theorem due to M. Usher [33, Theorem 1.3] states that L α is nondegenerate. Note that in the case G = ω(Γ) ≤ R is a discrete subgroup, this theorem was proved by M. Entov and L. Polterovich in [11] and by Y. Ostrover in [26] .
2.5. The pair-of-pants products. In order to define a ring structure on the Floer homology groups in terms of pair-of-pants products we shall need to extend the Floer equation
to more general Riemann surfaces than the cylinder R × S 1 . Note that the cylinder R × S 1 has a global coordinate z = s + it and the Floer equation is explicitly written in terms of this global coordinate. Let us first recall the equivalent way to view the Floer equation on the cylinder R × S 1 with a global coordinate z = s + it as a section of a suitable bundle. Let (Σ, j) be a Riemann surface, possibly with boundary. For u ∈ C ∞ (Σ, M ) consider the nonlinear Cauchy-Riemann operator
that is the complex anti-linear part of du with respect to the almost-complex structure J ∈ J {pt} on M . The operator ∂ J is a section of the bundle over C ∞ (Σ, M ), whose fiber at u is Ω 0,1
In local holomorphic coordinate z = s + it on Σ, the operator ∂ J has the form (40)
In the case of the cylinder R × S 1 , we can associate to the Hamiltonian term in the Floer equation the complex anti-linear one-form
From (40) we conclude that the Floer equation (39) is equivalent to (42)
) is a section of a smooth bundle Λ 0,1
. We see that the leading term ∂ s + J(·)∂ t in the Floer equation (39) can be extended to Σ viewing it as an anti-linear one-form. But the Hamiltonian term F J,H is defined in terms of coordinates and can not be extended directly to the whole Σ. There are several approaches to get around that difficulty. The standard, by now, treatments were developed in [27] , [29] , [21] , [31] . These methods are based on Riemann surfaces with cylindrical ends, each of which is equipped with some fixed holomorphic coordinate z = s + it. Then the section F J,H is defined on such ends and then is extended to the whole Σ by considering a smooth family of Hamiltonians H s , which vanishes far from the ends. Thus, the Floer section, see (42), deforms with the parameter s into the Cauchy-Riemann operator in the middle ("cut of pants") region far from the ends. In our case, the maximum principle, see Corollary 2.4, guaranties that for a smooth family of admissible Hamiltonians H s ∈ H ± , the corresponding pairof-pants solutions do not leave the compact set M ε := M P ε . Hence, we can repeat the arguments from [29] , [27] and [31] , see also [10] . We note that the counting of the pair-of-pants solutions occurs in M ε , while the limits of their cylindrical ends lie in M ∂M . As a consequence we have two well-defined pair-of-pants products according to the class of Hamiltonians. Namely, for regular pairs (H 2.6. Morse-theoretical description of quantum homology algebras. Let X be a Liouville vector field on M , which is defined in some neighborhood of ∂M and which is everywhere transverse to ∂M , pointing outwards. Using the flow of X we can identify an open neighborhood U of ∂M with ∂M × (−ε, 0] for some ε > 0.
Let f ∈ C ∞ (M ) be a Morse function. Denote by Crit k (f ) the set of critical points of f of the Morse index ind f (x) = k, and let Crit(f ) = 2n k=0 Crit k (f ) be the set of all critical points of f . Fix some Riemannian metric g on M , and let x ∈ Crit(f ). Recall that the stable and unstable manifolds of the critical point x w.r.t. the negative gradient flow φ t := φ t −∇gf are the subsets
We shall consider the special class of Morse functions on M for which the Morse homology algebra is well-defined and isomorphic to the singular homology algebra of M . Let F + (g) ⊆ C ∞ (M ) be the set of all Morse functions f on M , such that (U 1 ) Crit(f )∩U = ∅ and the gradient vector field ∇ g f of f is everywhere transversal to ∂U , (U 2 ) U is positively invariant w.r.t. the negative gradient flow φ t , i.e. y ∈ U implies φ t (y) ∈ U for every t ≥ 0. Less formally, we can rephrase it by saying that the negative gradient vector field −∇ g f points outwards along U .
We define also the set
+ (g) and x ∈ Crit(f ), then the stable manifold W s (x; f, g) lies in M U and it is diffeomorphic to R 2n−ind f (x) . The unstable manifold W u (x; f, g) is a smooth manifold, possibly with boundary, of dimension ind f (x), and the boundary ∂W u (x; f, g) lies in ∂M . For a function f ∈ F − (g) we have a dual picture. A function f ∈ F ± (g) will be called an admissible Morse function.
We say that a function f ∈ F ± (g) is Morse-Smale if the stable and unstable manifolds of f intersect transversally. The Morse-Smale condition is generic in the following sense. Theorem 2.6. Let g be a Riemannian metric on M . (i) (Kupka-Smale) (E.g. [6, Theorem 6.6] .) The set of Morse-Smale functions from
there is a residual set of Riemannian metrics G(f ) on M , such that f ∈ F ± (g ) and f is Morse-Smale w.r.t. g for any g ∈ G(f ).
Suppose that f ∈ F ± (g) is Morse-Smale. Then, for any x, y ∈ Crit(f ) the set of parametrized gradient trajectories connecting x and y
is a smooth oriented manifold without boundary of dimension ind f (x) − ind f (y). Note that the intersection W u (x; f, g) W s (y; f, g) is indeed well-defined: if f ∈ F + (g) (f ∈ F − (g)) then the stable manifold W s (y; f, g) (the unstable manifold W u (x; f, g)) lies in M U . The additive group R acts smoothly, freely and properly on M x,y (f, g) by reparametrizations. Thus, the space of unparametrized gradient trajectories connecting x and y
is a smooth oriented manifold of dimension ind
) is a finite set of unparametrized trajectories, each of which is equipped with an orientation sign ±1, see [28, Corollary 2.36] . Denote by n f,g (x, y) := # alg M x,y (f, g) its algebraic number of elements, and define the Morse complex (CM * (f ), ∂) by
n f,g (x, y)y. (ii) For f ∈ F + (g), the Morse homology H * (f ; F) is isomorphic to the relative singular homology H * (M, ∂M ; F).
(iii) For f ∈ F − (g), the Morse homology H * (f ; F) is isomorphic to the singular homology H * (M ; F).
Next, we describe the intersection products • i , i = 1, 2, 3, in Morse homology, see [2] , [3] , [7] . Choose a triple of Morse functions f i ∈ F − (g), for i = 1, 2, 3. After a generic perturbation of the data F := {f 1 , f 2 , f 3 } we may assume that (F 1 ) the functions f i are Morse-Smale for i = 1, 2, 3,
In this case, M
(F , g) for i = 1, 2, 3 are either empty or smooth oriented manifolds without boundary of dimension
(F , g) for i = 1, 2, 3 are compact in dimension zero, and thus consist of a finite number of points, each of which is equipped with an orientation sign ±1. Denote by n • i (x 1 , x 2 ; x 3 ) := # alg M x 1 ,x 2 ;x 3 (F , g) , i = 1, 2, 3 their algebraic number of elements. Then,
is a chain map that induces the intersection product • 1 in homology, (• 2 ) the F-bilinear map
is a chain map that induces the intersection product • 2 in homology,
is a chain map that induces the intersection product • 3 in homology. Suppose that f ∈ F ± (g) is Morse-Smale and Λ is the Novikov ring as in (3) . Define the Morse chain complex (CM * (f ; Λ), ∂ Λ ) with coefficients in the Novikov ring Λ by
The grading is given by deg(x ⊗ zs α q m ) = ind f (x) + 2m. The Morse homology H * (f ; Λ) is isomorphic as a Λ-module either to the relative quantum homology QH * (M, ∂M ) for f ∈ F + (g) or to the absolute quantum homology QH * (M ) for f ∈ F − (g). Let us describe the quantum products * i for i = 1, 2, 3 via the Morse homology. For a class A ∈ Γ -see (5) -and pairwise distinct marked points z := (z 1 , z 2 , z 3 ) ∈ (S 2 ) 3 , choose a generic pair (J, H ) ∈ J H reg (M, ∂M, ω, A, z) of an almost complex structure and a Hamiltonian perturbation of the Cauchy-Riemann section -see [16, Sections 2.1.8-2.1.9]. Let g J be the Riemannian metric induced by J. Take a generic Morse data F := {f 1 , f 2 , f 3 } ⊆ F − (g J ) in the sense of (F i ), i = 1, 2, 3, and take their critical points x i ∈ Crit(f i ), i = 1, 2, 3. Define the following subspaces of the space M(A, J, H ) of (J, H )-holomorphic A-spheres : (M 1 ) the space
Here ev z,J,H : M(A, J, H ) → M 3 is the evaluation map given by ev z,J,H (u) = (u (z 1 ), u(z 2 ), u(z 3 ) ) . Since the chosen data is generic, the spaces M
They are compact in dimension zero, and thus consist of a finite number of points, each of which is equipped with an orientation sign ±1. Denote by n
(A, F , g J ) , i = 1, 2, 3, their algebraic (over F) number of elements. Then ( * 1 ) the Λ-bilinear map
where
is a chain map that induces the intersection product * 1 in quantum homology, ( * 2 ) the Λ-bilinear map
is a chain map that induces the intersection product * 2 in quantum homology, ( * 3 ) the Λ-bilinear map
where (x 1 * 3 x 2 ) A :=
is a chain map that induces the intersection product * 3 in quantum homology.
2.7. The PSS isomorphisms. Recall that if f ± ∈ F ± (g) are admissible MorseSmale functions, then the Morse homology H * (f + ; Λ) is isomorphic to the relative quantum homology QH * (M, ∂M ) as an Λ-algebra, and the Morse homology H * (f − ; Λ) is isomorphic to the absolute quantum homology QH * (M ) as an Λ-algebra. Using these isomorphisms let * + :
be the corresponding quantum product * 3 on QH * (M, ∂M ), and let
be the corresponding quantum product * 1 on QH * (M ), see (6) . Following the arguments of U. Frauenfelder and F. Schlenk in [14, Section 4] we shall construct the Piunikhin-Salamon-Schwarz-type isomorphisms of Λ-algebras [27] ; [21, Section 12.1] .
Given two admissible almost complex structures J −∞ , J +∞ ∈ J S 1 ,P −2ε , consider the space J S 1 ,P −2ε (J − , J + ) of smooth families of admissible almost complex structures, such that (J s ) s∈R ∈ J S 1 ,P −2ε (J −∞ , J +∞ ) if and only if J s ∈ J S 1 ,P −2ε for all s ∈ R and there exists s 0 = s 0 (J s ) > 0 such that J s = J −∞ for s ≤ −s 0 and J s = J +∞ for s ≥ s 0 . Consider regular admissible Hamiltonian H := H + ∈ H + reg and admissible MorseSmale functions f + ∈ F + (g). There exists H ∈ H + , such that H = H| S 1 ×M and H| S 1 ×P 0 = h • e for some h ∈ C ∞ (R) satisfying 0 ≤ h (e r ) < κ for all r ≥ 0 and h (e r ) = 0 for all r ≥ ε. Take a smooth homotopy (
and then choose a smooth homotopy (
The following important theorem was proved in [14, Theorem 4.1] , see also [27, Example 3.3] . Theorem 2.8. Let J +∞ ∈ J S 1 ,P −2ε be an H-regular admissible almost complex structure and J −∞ ∈ J S 1 ,P −2ε be an arbitrary admissible almost complex structure. For any
u#(−x) represents the zero class in Γ.
is a smooth manifold of dimension 2n − µ(x). Here, J s,t = J s (·, t) is the extension of J s (·, t) and H s,t = H s (·, t).
Remark 2.9. The finite energy condition, the condition (H1) and the removable of singularities theorem imply that the limit lim s→−∞ u(s, t) exists, which is a point in M . lie in M ∂M , all further arguments will remain unaffected.
We have a well-defined smooth evaluation map
For generic family (J s ) s∈R the map ev is transversal to every unstable manifold W u (p; f + , g), p ∈ Crit(f + ). Hence for every p ∈ Crit(f + ) and every x = [x,x] ∈ P H the moduli space of mixed trajectories M
is a smooth manifold of dimension ind f + (p) − µ(x). It carries the coherent orientation, see [13] . When ind f + (p) = µ(x) the manifold M p x + is zero dimensional, and by strong semi-positivity its compact, i.e. a finite set of oriented points. In this case denote by
the algebraic (over F) number of its elements. Following [27] and [14] we define a Λ-module homomorphism
by the Λ-linear extension of
By [15, Theorem 3.3] and [31, Corollary 3.4] , the map is indeed a well-defined Λ-module homomorphism, which respects the grading. Recall that for the Morse chain complex (CM * (f + ; Λ), ∂ Λ ) with coefficients in the Novikov ring Λ we have
Since (M, ω) is strongly semi-positive, we may apply the standard gluing and compactness arguments to get that for every p ∈ Crit(f
It follows that φ + P SS intertwines the Morse and the Floer boundary operators and hence it induces a homomorphism of Λ-modules
In order to show that Φ + P SS is a Λ-module isomorphism we construct its opposite homomorphism of Λ-modules
For that matter we define the chain-homotopic inverse
is a smooth manifold of dimension µ(x).
As above, we have a well-defined smooth evaluation map
For generic family (J −s ) s∈R the map ev is transversal to every stable manifold W s (p; f + , g), p ∈ Crit(f + ). Hence for every p ∈ Crit(f + ) and every x = [x,x] ∈ P H the moduli space of mixed trajectories M [27] and [14] we define a Λ-module homomorphism n H + ,J +∞ (x, y)n P SS + (y, p).
It follows that ψ 
It follows that (Quantum homology shift property): It follows directly from the equation
